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Graphs of Sine
and Cosine

1 CC.9-12.FIF7 Graph fundions expressed symbolically and show key features of the graph...* Ao CC9-12.FTES*,
LT CC9-12F8F3, CC9-12FIE5*, CC9-12.A.CED.2, CC9-12.A.CED.3

(Rl
; ! Recognize and i Periodic phenomena such as sound
M| graph periodic and | waves can be modeled with trigonometric
i= ' trigonometric functions. 1 ¢ tions. (See Example 3.)
dil: 1L
! l | Vocabulary Periodic functions are functions that repeat
a8 K periadic function ) ;
4 111 1 cycle exactly in regular intervals called cycles.
! J ! period The length of the cycle is called its period .
,. b amplitude Examine the graphs of the periodic function
i : frequency and nonperiodic function below. Notice that
11 phase shift a cycle may begin at any point on the graph
T ofafunction. =~ S o\Y W
L 1
Ii | Periodic Not Periodic
il

1Y Period I y
X

|}! :;

§

EXAMPLE __1:] Identifying Periodic Functions

| Identify whether each function is periodic. If the function is periodic, give
the period.

Although there is some
symmetry, the pattern does
not repeat exactly.

This function is not periodic.

The pattern repeats exactly,
so the function is periodic.
Identify the period by
using the start and finish of
one cycle.

: This function is periodic

! with period 2.

CHECK y Identify whether each function is periodic. If the function is
T OUT!, periodic, give the period.
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The trigonometric functions that you have studied are periodic. You can graph
the function f(x) = sinx on the coordinate plane by using y-values from points
on the unit circle where the independent variable x represents the angle @ in

standard position. -
% , X(= B) y 1
w N flx) = sin x
: T | 7
E : | 1| o
T H— 1 T 0 6 2
; : A | V3
' 3 p) i
' N | _1
P 6 2
2

Similarly, the function f(x) = cos x can be graphed on the coordinate plane by
using x-values from points on the unit circle.

The amplitude of sine and cosine functions is half of the difference
between the maximum and minimum values of the function. The amplitude
is always positive.

Characteristics of the Graphs of Sine and Cosine

) ™
EONGHION ] yesinx ) = conx
5
X X
_ s -1 0 T i
Helpful Hint 2 - ‘DOMAIN Ixixerl | xIx € R
The graph of the S { - } - — { s }
sine function passes | ‘RANGE. - = .. _ l=y< 1<y<
throughthe origin.  f | ______ . {yl =r= } _ {yl == }
The graph of the - | 'pERIOD |- R, PR ' | 27
cosine function has T —— .
ky-intercept 1. - AMP:LITUDE._‘ o 1 - . 1

You can use the parent functions to graph transformations y = asin bx and

y = acos bx. Recall that a4 indicates a vertical stretch (| al > 1) or compression
(0 <lal< 1), which changes the amplitude. If a is less than 0, the graph is
reflected across the x-axis. The value of b indicates a horizontal stretch or
compression, which changes the period.

Transformations of Sine and Cosine Graphs

For the graphs of y = asinbx or y = acos bx where a # 0 and x is in radians,

+ the amplitude is [a[. -
2

* the period is <X
perod B 1]
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EXAMPLE 3 Stretching or Compressing Sine and Cosine Functions

"EXAMPLE “_B_J Sound Application w

Chapter 11 Trigonometric Graphs and Identities

Using f(x) = sin x as a guide, graph the function g (x) = 3sin2x. Identlfy
amplitude and period.

Step 1 Identify the amplitude and period.
j Because a = 3, the amplitude is |a| =|3| =3
2w _ 27 _

o] 121

Because b = 2, the period is +—
Step 2 Graph.

The curve is vertically stretched by a
factor of 3 and horizontally compressed
by a factor of -é—

N

The parent function fhas x-intercepts at
multiples of 7 and ghas x-intercepts at
multiples of 3.

The maximum value of gls 3, and the minimum value is —3.

6 ﬂctfscx 2, Using f(x) = cosx as a guide, graph the function
IT 0UT! hix)y =< cos 2x. Identify the amplitude and period.

Sine and cosine functions can be used to model e

real-world phenomena, such as sound waves. E

Different sounds create different waves. One way |

to distinguish sounds is to measure frequency. b

Frequency is the number of cycles in a given I
o
]

unit of time, so it is the reciprocal of the period P _
of a function. I B

Hertz (Hz) is the standard measure of frequency and represents one cycle per
second. For example, the sound wave made by a tuning fork for middle A hasa
frequency of 440 Hz. This means that the wave repeats 440 times in 1 second.

Use a sine function to graph a sound wave with a period of 0.005 second
and an amplitude of 4 cm. Find the frequency in hertz for this sound wave.

Use a horizontal scale where one

unit represents 0.001 second.

The period tells you that it takes 2
0.005 seconds to complete one

full cycle. The maximum and 0
minimum values are given by -2
the amplitude.

1
period

=200Hz

frequency =

1
~ 0.005
The frequency of the sound wave is 200 Hz.

6 BCHECK . 3. Use a sine function to graph a sound wave with a period of |
frour! 0.004 second and an amplitude of 3 cm. Find the frequency in e

hertz for th1§ sound wave.




" Helpful Hint

he repeating
attern is maximum,
fintercept, minimum,
fintercept,.... 50
tercepts occur
wice as often
s maximum or
inimum values.

EXAMPLE

Sine and cosine can also be translated as y = .sin(x — h) + kand
y = cos{x — k) + k. Recall that a vertical translation by k units moves

" the graph up (k> 0) or down (k < 0).

A phase shift is a horizontal translation of a periodic function? A phase
shift of k2 units moves the graph left (i < 0) or right (2> 0).

’ identifying Phase Shifts for Sine and Cosine Functions

Using f(x) = sinx as a guide, graph g(x) = sin (x + 32’—) Identify the
x-intercepts and phase shift.

Step 1 Identify the amplitude and period.
Amplitude is|a] =|1[= 1.

s s 2 _ 2w

The period is = = — =
lbl (1]
Step 2 Identify the phase shift.
([T Identify h.

X+ > X ( > ) i
Because i = —%, the phase shift is % radians to the left.
All x-intercepts, maxima, and minima of f(x) are shifted % units
to the left.

Step 3 Identify the x-intercepts.

The first x-intercept occurs at —%. Because sin x has two x-intercepts in
each period of 2, the x-intercepts occur at —% + nm, where nis
an integer.

Step 4 Identify the maximum and minimum values.

The maximum and minimum values occur between the x-intercepts.
The maxima occur at 2777 and have a value of 1. The minima occur
at 7w + 27rn and have a value of —1.

Step 5 Graph using all of the information about the function.

DAY
VAV

g

HECKS, 4. Using f(x) = cosx as a guide, graph g(x) = cos(x — 7). Identify
: the x-intercepts and phase shift.

You can combine the transformations of trigonometric functions. Use the values
of a, b, h, and k to identify the important features of a sine or cosine function.

Amplitude - Phase shift

R’ o
y = asinb(x—h)+k

Period Vertical shift
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EXAM P LE S_J Entertainment Application - o

The Ferris wheel at the landmark Navy Pier in Chlcagu takes 7 minuteg to
make one full rotation. The height H in feet above the ground of oneof 4
the six-person gondolas can be modeled by H (t) =70 sm—"(t 1.75) + 80
where tis time in minutes.

a. Graph the height of a cabin for two cnmplete perlods
H(p) = 7051n-——(r— 1.75) + 80 --a=70, b= h=175 k=g

Step 1 Identify the important features of the graph.

plitude: 70 ‘ S —
Period: === =27 7 £ 1207
Ib l lg-;-il E 80
=}
g

The period is equal to the time 401
required for one full rotation. .

B L E s e S N -
0" 2 4 6 8 10 12 %

Phase shift: 1.75 minutes right
Time (min})

Vertical shift: 80
There are no x-intercepts.
Maxima: 80 + 70 = 150 at 3.5 and 10.5
Minima: 80 — 70 = 10 at0, 7, and 14
Step 2 Graph usingall of the information about the function.
b. What is the maximum height of a cabin?

The maximum helght is 80 + 70 =150 feet above the ground.

6 ECHECK ’ 5. What if...? Suppose that the helght H of a Ferris wheel can
b ITOUT,  be modeled by H(f) = —16cos 55 + 24, where t is the time
in seconds.

a. Graph the height of a cabin for two complete periods.
b. What is the maximum height of a cabin? ..

MATHEMATICAL
PRACTICES

1. DESCRIBE how the frequency and period of a periodic function are
related. How does this apply to the graph of f(x) = cosx?

2. EXPLAIN how the maxima and minima are related to the amplitude
and period of sine and cosine functions.

. \ 3. GET ORGANIZED Copy and complete .Verti cal Horizontal
M the graphic organizer. For each type of compression stretch
@ transformation, give an example and
: state the period. Cosine
Graphs
Reflection Phase shift

e T

i T S TP T T T TS T CaCi et
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Exercises

- GUIDED PRACTICE

1. Vocabulary Periodic functions repeat in regular intervals called _? .
(cycles or periods)

i Identify whether each function is periodic. If the function is periodic, give - |

the period.

2. 37 3.
AT
PAEL \[ 1
=4\ >\

Y

Usmg f(x) = sinx or f(x) = cosx as a guide, graph each function. Identify the

amplitude and the period.
4, f(x) =2sin %x. 5. h{x) = —cosx 6. k(x) = sin'frx

'

7. Sound Use a sine function to graph a sound wave with a period of 0.01 second and
an amplitude of 6 in. Find the frequency in hertz for this sound wave.

;; Using f(x) = sinx or f(x) —=cosxasa guide, graph each function. Identify the
[ x-intercepts and the phase shift.

8. flx)= sin(x + .3_71) 9. g(x) =‘cos(x - —725) 10. h(x) = sin(x - _72).

4

i 11. Recreation The height Hin feet above the ground of the seat of a playground
swing can be modeled by H(6) = —4 cos @ + 6, where 6 is the angle that the swing
makes with a vertical extended to the ground. Graph the height of a swing’s seat for
0° < @ < 90°. How high is the swing when 6 = 60°? -

i PRACTICE AND PROBLEM SOLVING

e'ndent [IZT  Identify whether each function is periodic. If the function is periodic,
give the period.

13.

3 Practice

Using f(x) = sinx or f(x) = cosx as a guide, graph each function. Identify the
amplitude and period.
1

14. f(x) = 4cosx 15. g(x) —smx 16. g(x) = —cosd4x 17. j{x) = GSingx

18. Sound Use a sine function to graph a sound wave with a period of 0.025 seconds
and an amplitude of 5 in. Find the frequency in hertz for this sound wave.
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electrical signals that
control the rhythm of a
beating heart. EKGs are
used to diagnose and
menitor heart disease.

,—-’%
MULTI-STEP

TeEST PREP

4 Medicine The figure shows a normal adult

Using f(x) = sinx or f(x) = cosxasa guide, graph each function. identify the
x-intercepts and phase shift. '

19. f(x) = sin(x + =) 20. h(x) = cos(x — 3m)
21, g(x) = sin(x + %) : 22, j(x) = cos(x + %)

23. Oceanography The depth d in feet of the water in a bay at any time is given by
dit)=3 sin(%—’ft) + 23, where tis the time in hours. Graph the depth of the wae;!
What are the maximum and minimum depths of the water?

Adult EKG

electrocardiogram, known as an EKG. Each
cycle in the EKG represents one heartbeat.

a. What is the period of one heartbeat?

b. The pulse rate is the number of beats

in one minute. What is the pulse rate

indicated by the EKG?

What is the frequency of the EKG?

d. How does the pulse rate relate to the
frequency in hertz?

o

Determine the amplitude and period for each function. Then describe the
transformation from its parent function.

25. f(x) = sin(x + %) -1 26. h(x) = %cos%x
27. h(x) = cos(2mx) — 2 28, j(x) = —3sin3x
Estimation Use a graph of sine or cosine to estimate each value. f
29. sin160° 30. cos50° 31. sinl5® 32, cos95°

Write both a sine and a cosine function for each set of conditions. s
33. amplitude of 6, period of 7 34, amplitude of %, phase shift of %w left -

Write both a sine and a cosine function that could be used torepresent each graph.

35. ¥ 3e6. 1‘}/
P, \_)//_\
' : : —s 05+t
' o) adll
3 7 1 x

BT IO T

37. The tide in a bay has a maximum heighf of 3 m and a minimum height of 0.

It takes 6.1 hours for the tide to go out and another 6.1 hours for it to come back " :

in. The height of the tide % is modeled as a function of time 1.

a. What are the period and amplitude of #? What are the maximum and
minimum values?

b. Assume that high tide occurs at £ = 0. What are k(0) and h(6.1)?

¢. Write 2 in the form h(f) = acosbt + k.
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38. Critical Thinking Given the amplitude and period of a sine function, can you find

its maximum and minimum values and their corrésponding x-values? If not, what
information do you need and how would you use it?

% 39, Write About It What happens to the period of f(x) = sinb@ when b'> 1?2 b < 12
Explain.

40. Which trigonometric function best matches the graph? Ay

@ y=13sinx © y=13sin2x 11
: V - X
y = 2sinx ® y=2sinIx SRS Ees
. ' 14
41. What is the amplitude for y = —4cos3nx? 1
® 4 @ 4
@ 3 @ 37

42, Based on the graphs, what is the relationship between fand g?
@& fhas twice the amplitude of g. ‘

f has twice the period of g.

@ f has twice the frequency of g.
@ fhas twice the cycle of g.

43. Short Response Using y = sinx as a guide, graph
y = —4sin2(x — 7) on the interval [0, 27] and describe the transformations.

CHALLENGE AND EXTEND

44. Graph f(x) = Sin~!xand g(x) = Cos~' x. (Hint: Use what you learned about graphs
inverse functions in a previous lesson and inverse trigonometric functions in a
previous lesson.)

Consuier the functions f{(8) = —sm fand g(0) =2 cos@for 0° < 9 <360°.
45. On the same set of coordinate axes, graph f(8) and g(6).

of

46, What are the approximate coordinates of the points of intersection of f{¢) and g(6)?

47. Whenis f(6) > g(8)?

11-1 Graphs of Sine and Cosine
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| Graphs of Other Tngonometrlc
Functions

€Co-12FTF5 Choose trigonometric functions to mode! periodic phenomena, .. * Afso CCO-12.FIF5Y,
CC.9-12.FIF7*, CC.9-12.EBF3, CC.9-12.A.CED.2, CC.9-12.A.CED.3

Objective Wby learn this? ,
Recognize and graph {You can use the graphs of reciprocal
trigonometric functions. | trigonometric functions to model rotating

. objects such as lights. (See Exercise 25.)

The tangent and cotangent functions can
be graphed on the coordinate plane. The
tangent function is undefined when

f= 3 + 7rn, where n is an integer. The
cotangent function is undefined when T
0 = 7n. These values are excluded from the domain and are represented by
vertical asymptotes on the graph. Because tangent and cotangent have no
maximum or minimum values, amplitude is undefined.

To graph tangent and cotangent, let the variable x represent the angle 6 in
standard position.

Characteristics of the Graphs of Tangent and Cotangent

FUNCTION

T :
DOMAIN ix# g+ . Pt .
where n is an mteger} where n is an lnteger}
RANGE {y[-—oo <y<co} {y]—oo <y< oo}
PERIOD m 7
AMPLITUDE undefined undefined
- Y, ;.

Like sine and cosine, you can transform the tangent function.

- Transformations of Tangent Graphs

For the graph of y = atanbx, where a # 0 and x is in radians,

+ the period is . » the asymptotes are located at x = —-—2|7L| + T%"T,

[b] - where n is an integer.
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1 Transforming Tangent Functions

EXAMPLE

Using f(x) = tanx as a guide, graph g(x) = tan2x. Identify the period,
x-intercepts, and asymptotes, -

Step 1 Identify the period.

Because b = 2, the period is + = A =T,
ol 12 2

Stéi) 2 Identify the x-intercepts.
An x-intercept occurs at x = 0. Because the period is =, T, the

2’
x-mtercepts occur at 311, where 721s an mteger

Step 3 Identify the asymptotes. g(x) = tan2x

Because b= 2 the asymptotes occur at
TH
x= + ™ orx=T 4 A0
2| 2] 2| 472
Step 4 Graph using all of the information [[ﬂ :
Fi

about the function.

:CHECK . 1. Using f(x) = tanx as a guide, graph g(x) = 3tan —2—x Identify
AT.007! the period, x-intercepts, and asymptotes.

Transformations of Cotangent Graphs
For the graph of y = acotbx, where a # 0 and x is in radians,

* the period is iy ¢ the asymptotes are located at x = ILEN
|6 where n is an integer. 6]

>

Graphing the Cotangent Function

Using f(x) = cotx as a guide, graph g(x) = cot 0.5x. Identify the period,
x-intercepts, and asymptotes.

Step 1 Identify the period.
T

Because b = 0.5, the period is I = T =2,
|p|  los]

EXAMPLE

Step 2 Identify the x-intercepts.

An x-intercept occurs at x = 7. Because the period is 27, the
x-intercepts occur at x = 7 + 27rr, where nis an integer.

Step 3 Identify the asymptotes. y
Because b = 0.5, the asymptotes occur at

TR _ oqn.

xX= 1
IO'5| t : —~ 3

5

Step 4 Graph using all of the information
about the function.

BB A ARG P TSI A T B 1 T
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Recall that sec & =

if oury,

cHECK 2. Using f(x) = cotxas a guide, graph g(x} = -cot2x. Identify the

period, x-intercepts, and asymptotes.

i
cosf’

So, secant is undefined where cosine equals zero ang the :

graph will have vertical asymptotes at those locations. Secant will also have
the same period as cosine. Sine and cosecant have a similar relationship,
Because secant and cosecant have no absolute maxima or minima, amplitude
is undefined.

FUNCTION
v !
J : "EJ : ] :
GRAPH AR 2ol e S P
Psret of Pore -
BEyA! 5
: v 1 v '
iy
DOMAIN {Xlx Fg ™ frlx# ™
where n is an |nteger} where n is an mteger}
RANGE {y|y£—1,ory2 1} {y|y5—1,oryz1}
PERIOD 27 27
AMPLITUDE undefined undefined _
\_ Y,

You can graph transformations of secant and cosecant by using what you learned
in the previous lesson about transformations of graphs of cosine and sine.

EXAMPLE 3} Graphing Secant and Cosecant Functions

Using f(x) = cosx as a guide, graph g (x) = sec2x. Identify the period
and asymptiotes.

i

RS S

@;{gﬁ_ , 3. Using f(x) = sinx as a guide, graph g(x) = 2cscx. Identify the

Step 1 Identify the period.

Because sec2x is the reciprocal of cos2x, the graphs will have the
same period.

Because b = 2 for cos2x, the period is

Step 2 Identify the asymptotes.
Because the period is 7, the asymptotes

occuratx= —— 3+ T p T4 T,

22| "2 4 2

where n is an integer.

2m

BN

Step 3 Graph using all of the information

about the function.

period and asymptotes.
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“MATHEMATICAL
PRACTICES

Function

Asymptotes

y=secx

y = csex
y = cotx
¥ = tanx

:Learn It Online
s Homework Help Online
Parent Resources Online

GUIDED PRACTICE

| Using f(x) = tanx as a guide, graph each function, Identify the period, x-intercepts,
and asymptotes.
1

1. k(x) = 2tan(3x) 2. g(x) =tan_x 3. h{x) = tan27x

2% Using f(x) = cotx as a guide, graph each function. Identify the period, x—mtercepts,
and asymptotes,

4. j(x) = 0.25cotx 5. p(x) =cot2x 6. g(x)= —cotx

®xaneic B

Using f(x) = cosx or f(x) = sinx as a guide, graph each function. Identify the period
and asymptotes.

7. glx) = —secx 8. g(x) = secdx 9. h(x) =3cscx

o 7. PRACTICE AND PROBLEM SOLVING

SOy Using f(x) = tanx as a guide, graph each function. Identify the period, x-intercepts,
' See and asymptotes.

10, p(x) = tan%x 1. g(x) = tan(x + %)
12. h(x) = —tan4x 13. j(x) = —2tan%x

Using f(x) = cotx as a guide, graph each function. Identify the period, x-intercepts,
and asymptotes.

I J 14. h(x) = 4cotx 15. g(x) = cot-}l-x 16. j(x) = 0.1cotx

Using f(x) = cosx or f(x) = sinx as a guide, graph each function. Identify the period
and asymptotes,
17. g(x) = —secx 18. k(x) = —cscx 19. h(x) = csc(—x)

A
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MULTI-STEP
TesT PREP
- *RE}

LN

Math History

The Greek gnomon

was a tall staff, but
gnomon s also the

part of a sundial that
casts a shadow. Based
on the variation of
shadows at high noon, a
gnoman can be used to
determine the day of the

20. Between 1:00 e.m. {¢= 1) and 6:00 p.y. (¢ = 6), the-height (in- meters) of the tlde E,
bay is modeled by h(f) = 0. 4csc—’1r

a. Graph the function for therange 1 < = 6.
b. At what time does low tide occur? .
¢. What is the height of the tide at low t1de

d. What is the maximum height of the t1de urmg this time span? When dge
this occur?- T

Find four values for which each function is undeéfined.
21. f(6) = tan® 22. g(8) = cotf 23. h(f) =secd
25. Law Enforcement A police car is parked
on the side of the road next to a building.
The flashing light on the car is 6 feet from the A
wall and completes one full rotation every

3 seconds. As the light rotates, it shines on the
wall. The equation representing the distance a L et f

in feetis a(f) = 6 sec(%ﬂ't).
a. What is the period of a(#)?
b. Graph the function for 0 < < 3.

c. Critical Thinking Identify the location of any asymptotes.
What do the asymptotes represent?

24. j(6) = csco

Math History The ancient Greeks used a gnomon, a type of tall staff, to tell the -

time of day based on the lengths of shadows and the altitude 6 of the sun above

the horizon.

a. Use the figure to write a cotangent function that can
be used to find the length of the shadow sin terms
of the height of the gnomon £ and the angle 6.

b. Graph your answer to part a for a gnomon of
height 6 ft.

:4.-;,.;.;;,.;,5.:. i s B ‘:‘i-' _; ‘._;!.__‘_.4 ~ g

Complete the table by labeling each function as increasing or decreasing.

year, in addition to the Dex< X T oex<nw rex< 38 37 o x<25
time of day. 2 2 2 2 -

27. sinx i il N

28. csCx ] 1 =

29. cosx i ol i

30. secx | P e i

31/ tanx & o

32, cotx e 5 ]

33. Critical Thinking Based on the table above, what do you observe about the

766
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increasing/decreasing rela‘uonshlp between reciprocal pairs of trigonometric
functions?




34, Critical Thinking How do the signs (whether a functlon is positive or negative) of
reciprocal pairs of trigonometric fuictions felate?”

35. Write About It Describe how to graph f(x) 3sec4x by using the graph of
g(x) = 3cos4x. e ' U

36. Which is NOT in the domain of y= cotx?

" x e
@& 3 @& 0 © > @ 3

37. What is the range of f{(x) = 3¢sc26? _ S
G {y[ys-1ory21} @ {y|y<—20ry>2}
@ {y|ys—3oryz3} yly<—-—ory

38. Which could be the equa‘ti;)n of the graph?
@& y=tan2x @© y=2tanx
y = cot2x @ y=2cotx

39, What is the period of y = tan ~12—x?

® 7 ®@ 27
@ 7 @ 4n
40. The graph of which function has a period of %’r and an asymptote at x = %?
@& y= sec%x © y= csc§2—x
¥y = sec3x @ y=csc3x

CHALLENGE AND EXTEND

Describe the period, local maximum and minimum values, and phase shift.

41. f(x) =4 —3cscm(x—1) 42 g(x) = 4cot%(x— %) 43. h(x) = 0.5SGCZEC+ %)

44, f(x) =9+ 2tan3(x+ ) 45. g(x) =0.62 + 0.76secx 46. h(x) = csc%(x + %)

Graph each trigonometric function and its inverse. Identify the domain and range
of the corresponding inverse function.

47. f(x) =Secxfor0=x=< wandx%ﬂ 48. f(x)=Tanxfor—%<x<%

49, g{x) = Cscxfor -? sx<5 Tandx# 0 50. g(x) =Cotxfor0<x<m
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